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Abstract 
A linear-correction least-squares(LCLS) estimation procedure is proposed for geolocation using frequency difference of arrival 
(FDOA) measurements only. We first analyze the measurements of FDOA, and further derive the Cramér-Rao lower bound 
(CRLB) of geolocation using FDOA measurements. For the localization model is a nonlinear least squares(LS) estimator with a 
nonlinear constrained, a linearizing method is used to convert the model to a linear least squares estimator with a nonlinear con-
strained. The Gauss-Newton iteration method is developed to conquer the source localization problem. From the analysis of 
solving Lagrange multiplier, the algorithm is a generalization of linear-correction least squares estimation procedure under the 
condition of geolocation using FDOA measurements only. The algorithm is compared with common least squares estimation. 
Comparisons of their estimation accuracy and the CRLB are made, and the proposed method attains the CRLB. Simulation re-
sults are included to corroborate the theoretical development.  
Keywords: signal processing; frequency difference of arrival; Cramér-Rao lower bound; linear-correction least-squares; 
Gauss-Newton iteration method; Lagrange multiplier 
1. Introduction1 
Position information is important in electronic war-
fare. Passive source localization has been the focus of 
considerable research efforts, due to its usefulness in 
various applications including sonar [1] and radar [2]. 
Typical positioning parameters include time of arrival 
(TOA), time difference of arrival (TDOA) [3], angle of 
arrival (AOA), as well as frequency difference of arri-
val (FDOA) [4-6] if there is relative motion between the 
sources and the sensors. Over the years, many algo-
rithms have been proposed for location problem, in-
cluding spherical intersecting (SX) [7], spherical interpo-
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lation (SI) [8], as well as divide and conquer (DAC) [9]. 
All of these methods cannot reach the Cramér-Rao 
lower bound (CRLB) accuracy. Ho, et al. [3-4] improved 
the SI estimation with a two-steps least squares (LS) 
estimator, as well as the quadratic-correction least 
squares (QCLS) approach. Huang and Benesty [10] 
proposed a linear-correction least squares (LCLS) 
method. These methods are able to attain the CRLBs. 
Recently, Wei, et al. [5,11] introduced multidimensional 
scaling (MDS) algorithm to passive source localization. 
The MDS approach is more robust for large measure-
ment noise than conventional algorithms. 
The applications of the FDOA localization are in 
some special situations. For most geolocation scenar-
ios, we use TDOA localization or TDOA/FDOA local-
ization. For TDOA localization, it is easy to measure 
the TDOA by cross relation function. But for TDOA/ 
FDOA localization, we commonly use cross ambiguity 
function (CAF) to get the values of TDOA and FDOA. 
This process needs much more computation time than 
that in the localization scenario of using TDOA only. 
Because we have TDOA and FDOA, the localization 
Open access under CC BY-NC-ND license.
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accuracy is more accurate than that of using TDOA 
only. But there are some special cases that we cannot 
use ordinary localization approaches. If the signal 
bandwidth is very narrow, it is difficult to get TDOA, 
and only FDOA measurements are available. This is 
the requirement to derive some localization methods 
using FDOA measurements only. However, because of 
strong nonlinearity of the FDOA equations, traditional 
algorithms are not applicable for localization using 
FDOA only. Refs. [12]-[14] examined the localization 
approach using the iterative Taylor-series method, but 
no explicit estimation algorithm is given. Recently, Ref. 
[15] investigated the localization algorithm using 
FDOA measurements without spherical constraint. The 
authors performed the Cramér-Rao lower bound 
(CRLB) and the mean-square error (MSE) analysis for 
passive location using FDOA only, and also analyzed 
the effect of sensors position errors. 
Currently, very little work in literature has consid-
ered the constrained localization problem using FDOA 
only. This paper extends the work in Ref. [15] to a 
more realistic situation where source is on the Earth’s 
surface. It is advantageous to include this constraint to 
increase location accuracy. This localization model is a 
nonlinear least squares estimator with a nonlinear con-
straint. A linearizing method is used to convert the 
model to a linear least squares estimator with a nonlin-
ear constraint. The Gauss-Newton iteration method is 
used to conquer the source localization problem. From 
the analysis of solving Lagrange multiplier, the pro-
posed approach is a generalization of linear-correction 
least squares estimation procedure in Ref. [10], which 
considers the TDOA localization only. The paper is 
closed by the use of computer simulations to corrobo-
rate the theoretical development.  
2. Localization Scenario 
Figure 1 illustrates the localization scenario which is 
similar to Ref. [16]. We wish to find the location of an 
emitter on Earth, denoted by u=[x  y  z]T, by meas-
urements from M (M >2) satellites, whose position   
si=[xi  yi  zi]T and speed * +T[ ] =1, 2, ,i i i ix y z i M    s  
are known. If the receivers are in geosynchronous or 
 
Fig. 1  Geolocation of object on the Earth. 
lower circulating orbits, a set of FDOAs fi,1=fc/ 
c( 1ir r  ) can also be measured, where fc is the carrier 
frequency, c the signal propagation speed, ir  the rate 
of change for distance between satellite i and the emit-
ter. 
  Let ri be the Euclidean distance between the 
emitter and receiver i: 
 * +
2 2 2= ( ) ( ) ( )
     =1, 2, ,
i i i i ir x x y y z z
i M
;      

s u
 (1) 
Taking derivative of Eq. (1) results in the rate of 
change for ri: 
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then yields a set of FDOAs between receiver i and 
receiver 1: 
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(3)
 
Let the sum of the emitter altitude and the known 
local Earth radius be R. It is clear that the emitter loca-
tion satisfies 
 
T 2Ru u
 
(4)
 
where a spherical Earth model is assumed. The un-
known is solved by Eq. (3) and Eq. (4). The solution is 
not simple because of the nonlinearity of the FDOA 
measurement equations. As a result, the previous me-
thods are not applicable for this case. 
3. FDOA Measurement 
Cross ambiguity function (CAF) [16] is a common 
approach to measure TDOA and FDOA synchronously. 
The accuracy of method has been shown to attain the 
CRLB performance which can be expressed as 
 TDOA
s
0.55
B BT

@
A
 
(5)
 
 FDOA
0.55
T BT

@
A
 
(6)
 
where B  is noise bandwidth at receiver input, sB  
signal bandwidth, T signal integration time, and @  
effective input signal noise ratio. 
We can observe from Eq. (5) and Eq. (6) that TDOA 
measuring accuracy is mainly affected by signal 
bandwidth sB  and FDOA measuring accuracy is 
mainly affected by signal integration time T . If the 
signal bandwidth is very narrow, the accuracy of 
TDOA measurement will be too poor to use in local-
ization. However, FDOA measuring accuracy is very 
good if integration time is sufficient long.  
Figure 2 gives an example of measuring TDOA and 
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FDOA using CAF. The signal bandwidth sB  is 100 Hz. 
The signal integration time T is 0.1 s. Figures 3-4 are 
side elevations of Fig. 2. 
 
Fig. 2  Cross ambiguity function of the source. 
 
Fig. 3  TDOA measurement of the source. 
 
Fig. 4  FDOA measurement of the source. 
We can observe from Fig. 3 that TDOA measuring 
accuracy is very bad when signal bandwidth is narrow. 
However, the FDOA measuring accuracy is very accu-
rate in Fig. 4 as a result of long integration time. 
4. CRLB Analysis 
  This section evaluates the CRLB of geolocation 
using FDOA only. The derivation begins by defining a 
parameter on emitter location vector u: 
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Let i be the ith FDOA measurement noise which 
is Gaussian distributed, and the following measure-
ment models are assumed: 
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where  is a zero-mean Gaussian random vector with 
covariance matrix C . Hence, the logarithm of the 
probability density function is 
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The Fisher information matrix [17] is 
 
T
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The constrained CRLB of an unbiased estimator for 
a parameter vector u is given by Ref. [18] 
 o
1 1 1 1cov( ) ( ) |      u uu J J F FJ F FJ  (12) 
where J is the Fisher information matrix in Eq. (10) 
and F the gradient matrix of the set of constraints with 
respect to the unknown parameter. In the constrained 
geolocation problem, F is found from Eq. (4) to be u. 
Substitution of Eq. (10) into Eq. (12) yields the con-
strained CRLB for the FDOA case. 
5. A Linear-correction Least Squares Approach 
The least squares approach is defined to minimize 
the squared difference between the given data and the 
noiseless data. In the geolocation from FDOA only 
scenario, it is equivalent to minimize the errors in Eq. 
(4) and Eq. (8). Introducing Lagrange multipliers0 , 
the cost function is 
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T T 2( ( )) ( ( )) ( )RB 0     r g u W r g u u u
 
(13)
 
where 1W C . This is a nonlinear least squares es-
timator with a nonlinear constraint. Generally, two 
kinds of methods are used [17]. The first method is pa-
rameter transformation which is not applicable for this 
problem. The second method is linearization approach. 
We linearize g about uo which is an initialization of 
source location. We have the approximation 
 o o o
( ) ( ) ( )( )A  g u g u H u u u
 
(14)
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Substituting Eq. (14) into Eq. (13), we have 
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Set derivatives ofB with respect to u: 
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where H represents H(uo). Setting Eq. (16) to zero 
yields 
T 1 T
o oˆ ( ) ( ( ) )0    u H WH I H W r g u Hu  (17) 
where the parameter 0 is unknown, and I is a 3h3 
matrix. substituting Eq. (17) into the constrained equa-
tion Eq. (4) produces 
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o o
T 2
o o
( ( ) ) ( )
      ( ( ) ) R
0   
  
 

r g u Hu WH H WH I
H W r g u Hu  (18) 
By using an eigenvalue factorization, the center 
term of Eq. (18) can be diagonalized as 
 
T TH WH V V
 
(19)
 
where 1 2 3diag( , , )@ @ @ , i@ is the eigenvalue of 
the matrix. Substituting Eq. (19) into Eq. (18): 
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We may rewrite the constraint as 
 
T 2 2( ) R0  q I q
 
(21)
 
where 
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Therefore, the function of the Lagrange multiplier is 
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where ( )f 0 is a polynomial of degree six. Due to its 
complexity, numerical approach can be used for root 
searching.  
The proposed approach is similar to the method in 
Ref. [10]. However, there are two differences. First, 
this paper studies source localization using FDOA only 
while the method in Ref. [10] using TDOA only. Sec-
ond, there is no constraint of spherical surface, so the 
Rs is unknown in Ref. [10]. We will study the correc-
tion of 0 to the least squares estimation in the follow-
ing section. 
We firstly assume there is no constraint. Then the 
least squares solution of Eq. (15) is given by  
 
T 1 T
1 o oˆ ( ) ( ( ) )
  u H WH H W r g u Hu
 
(23)
 
which is also given in Ref. [15]. Because of neglecting 
the constraint Eq. (4), the estimation 1uˆ is biased: 
 1
ˆ ˆ  u u u
 
(24)
 
Substituting Eq. (24) into Eq. (17): 
T T
1 o oˆ( )( ) ( ( ) )0     H WH I u u H W r g u Hu   
  
(25) 
Putting Eq. (23) into Eq. (21) yields 
 
T ˆ( ) 0 H WH u u
 
(26)
 
and hence 
 
T 1 ˆ( )0  u H WH u
 
(27)
 
Inserting Eq. (27) into Eq. (24) allows one to ex-
press 1uˆ as 
 
T 1
1ˆ ˆ( )0    u I H WH u  (28) 
Solving Eq. (28) produces the corrected estimate 2uˆ  
 
1T 1
2 1ˆ ˆ( )0
   u I H WH u  (29) 
If the regularity condition 
 
T 1lim ( )
n
n
0 
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is satisfied, then Eq. (30) can be expanded in a Neu-
mann series 
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where the second term is the linear correction. The 
Lagrange multiplier0 should be small to avoid diver-
gence. One dimension searching is used to get the root 
of 0 , we choose the value near zero. 
The result of Eq. (31) is one step of iteration. We 
substitute 2uˆ into Eq. (15) as a new initial value, then 
repeat the computation. The algorithm will be con-
verged when the difference of 2uˆ becomes sufficiently 
small. A reasonable initial guess is always easy to ob-
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tain in practice. Furthermore, if the process is not con-
verging, we should try a new initial guess or take more 
measurements. 
6. Non-spherical Earth Model 
The spherical shape in Eq. (4) is a common model 
for the Earth because of its simple form. However, an 
ellipsoid Earth model can obtain better estimate in 
practical application. In this section, we introduce an 
approach developed in Ref. [19]. 
An oblate spheroid is expressed by three parameters, 
equatorial radius eR , eccentricity e  and a polar ra-
dius 
pr : 
 
e
2
p e
6 378.137 km
0.081819 190 842 621 495 7
1
R
e
r R e

 
  
 
(32)
 
Using the geocentric coordinate system, a source on 
the oblate sphere Earth is 
 
2
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where . is the longitude, and $ the geodetic latitude 
which relates to the geocentric latitude C  by 
 
2tan (1 ) taneC $ 
 
(34)
 
and R  is defined as 
 
e
2 2
.
1 sin
R
R
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Hence, the constraint equation in Eq. (4) can be re-
placed by an oblate spheroid equation as 
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1
(1 )
x y z
R R e R
  
    
(36)
 
or in a vector form, 
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Because R  is also not known and related to true 
location of the source, we use eR  as an initialized 
value. Using Eq. (37) instead of Eq. (4), we first em-
ploy the proposed localization method to calculate the 
location of source. Then R can be updated by the pre-
vious source location. After about 3 or 4 repetitions, 
the solution can reach the true source location. The 
details of this approach can be found in Ref. [19]. 
7. Simulations 
Let us consider the same localization geometry used 
in Ref. [19], where emitter has a longitude of 75.9
R
W 
and 45.35
R
N. The Earth radius is 6 378.137 km, and a 
spherical shape is used for the Earth because of its 
simple form. The receivers are geosynchronous satel-
lites with a distance 42 164 km from the Earth center. 
They are at s1=[50.0RW  2.0RN], s2=[47.0RW   0.0RN], 
s3=[53.0RW  0.0RN] and s4=[51.5RW   3.0RN], Their 
relative speeds to Earth are 1s =[15.48 13.0 772.04] 
km/h,
2
s =[30.78 28.70 972.72] km/h, 3s =[0.054  
0.041  38.60] km/h, and 4s = [119.62  95.15  1 
920.34] km/h. The measured FDOAs are generated by 
adding Gaussian noises to the true values of FDOAs. 
The results reported are the average of 1 000 inde-
pendent runs. 
Figure 5 shows the results computed from the pro-
posed method in Section 4. Solid line represents 
CRLB of Eq. (12), circle symbols are the accuracy of 
linear-correction least squares (MSE 2) in Eq. (31), 
and triangle symbols represent simulation results 
(MSE 1) of Eq. (23) obtained in the case of no spheri-
cal constraint. It is obvious that the estimator in Eq. 
(23) cannot attain the CRLB. It degrades by about 12 
dB. The figure also shows that the accuracy of the 
proposed algorithm is close to the CRLB when the 
noise level is moderate. Due to the nonlinear nature of 
the problem, threshold effect occurs in both ap-
proaches when measurement noise is large. 
 
  Fig. 5  Geolocation accuracy with FDOA errors. 
8. Conclusions 
This paper is about geolocation using FDOA meas-
urement only. Through the analysis of measuring 
TDOA and FDOA using CAF method, we found 
TDOA estimate accuracy is very inaccurate when the 
signal bandwidth is narrow. But FDOA estimate accu-
racy is not affected by signal bandwidth. Because of 
the nonlinearity of FDOA equation, it is difficult to 
solve the source location using FDOA measurements 
only. We proposed a linear-correction least squares 
approach to conquer the solution. From the simulation 
results, the proposed method can attend the CRLB 
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when measurement noise is not significant. Moreover, 
the Earth model is non-spherical in practice. Through 
introducing an approach to modify the constraint equa-
tion, the proposed geolocation method is also applica-
ble for the non-spherical earth model. 
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